RELATIVE GIROUX CORRESPONDENCE 



TOLGA ETGU AND BURAK OZBAGCI 

Abstract. We show that there is a one-to-one correspondence between isomorphism 
classes of partial open book decompositions modulo positive stabilization and isomorphism 
classes of compact contact 3-manifolds with convex boundary. 



0. Introduction 

Let (M, T) be a balanced sutured 3-manifold and let £ be a contact structure on M with 
convex boundary whose dividing set on dM is isotopic to T. Recently, Honda, Kazez and 
Matic [9] introduced an invariant of the contact structure £ which lives in the sutured Floer 
homology group defined by Juhasz [6J. This invariant is a relative version of the contact 
class in Heegaard Floer homology in the closed case as defined by Ozsvath and Szabo 
lfTTll and reformulated in [8J. Both the original definition in [fTTI and the reformulation 
of the contact class by Honda, Kazez and Matic depend heavily on the so called Giroux 
correspondence [5J which is a one-to-one correspondence between isomorphism classes 
of open book decompositions modulo positive stabilization and isomorphism classes of 
contact structures on closed 3-manifolds. 

In order to adapt their reformulation [[8]| of the contact class to the case of a contact mani- 
fold (M, £ ) with convex boundary, Honda, Kazez and Matic described in [9|, a partial open 
book decomposition of M "compatible" in some sense with £ by generalizing the work 
of Giroux in the closed case. This description coupled with Theorem 1.2 in [9| induces a 
map from isomorphism classes of compact contact 3-manifolds with convex boundary to 
isomorphism classes of partial open book decompositions modulo positive stabilization. In 
this paper we construct the inverse of this map by describing a compact contact 3-manifold 
with convex boundary compatible with a given partial open book decomposition. Con- 
sequently, combined with the work of Honda, Kazez and Matic [9], we obtain a relative 
version of Giroux correspondence, namely the following theorem. 

Theorem 0.1. There is a one-to-one correspondence between isomorphism classes of par- 
tial open book decompositions modulo positive stabilization and isomorphism classes of 
compact contact 3-manifolds with convex boundary. 

Key words and phrases, partial open book decomposition, contact three manifold with convex boundary, 
sutured manifold, compatible contact structure. 
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The paper is organized as follows: In Section Q] we give an abstract definition of a 
partial open book decomposition (S, P, h), construct a balanced sutured manifold (M, T) 
associated to (S,P,h), construct a (unique) compatible contact structure £ on M which 
makes dM convex with a dividing set isotopic to Y. In Section [2] we prove Theorem 10.11 
after reviewing the related results due to Honda, Kazez and Matic [9] . The reader is advised 
to turn to Etnyre's notes (3]| for the related material on contact topology of 3-manifolds. 

1. Partial open book decompositions and compatible contact structures 

The first description of a partial open book decomposition has appeared in [0. In this 
paper we give an abstract version of this description. 

Definition 1.1. A partial open book decomposition is a triple (S, P, h) satisfying the fol- 
lowing conditions: 

(1) S is a compact oriented connected surface with dS ^ 0, 

(2) P — Pi U Pi U . . . U P r is a proper (not necessarily connected) subsurface of S such 
that S is obtained from S\P by successively attaching 1 -handles P\, P 2 , . . . , P r , 

(3) h : P — > S is an embedding such that H\a = identity, where A = dP D dS. 

Remark 1.2. It follows from the above definition that A is a 1-manifold with nonempty 
boundary, and dP \ dS is a nonempty set consisting of some arcs (but no closed compo- 
nents). The connectedness condition on S is not essential, but simplifies the discussion. 




Figure 1. An example of S and P satisfying the conditions in Defini- 
tion ll.U S \ P is an annulus and S is a once punctured torus. 

A sutured manifold (M, Y) is a compact oriented 3-manifold with nonempty boundary, 
together with a compact subsurface Y = A(Y) U T(Y) C dM, where A(Y) is a union of 
pairwise disjoint annuli and T(Y) is a union of tori. Moreover we orient each component 
of dM \ T, subject to the condition that the orientation changes every time we nontrivially 
cross A(Y). Let R+(Y) (resp. R_(Y)) be the open subsurface of dM \ Y on which the 
orientation agrees with (resp. is the opposite of ) the boundary orientation on dM. 
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Given a partial open book decomposition (S,P,h), we construct a sutured manifold 
(M, T) as follows: Let 

ff = (Sx[-l,0])/~ 

where (x,t) ~ (x,f) for x G and t,t' G [—1,0]. It is easy to see that H is a solid 
handlebody whose oriented boundary is the surface S x {0} U —S x { — 1} (modulo the 
relation (x, 0) ~ (x, — 1) for every x G 95'). Similarly let 

iV=(Px[0,l])/~ 

where (x, t) ~ (x, t') for x G A and £, t' G [0, 1]. Since P is not necessarily connected N is 
not necessarily connected. Observe that each component of N is also a solid handlebody. 
The oriented boundary of N can be described as follows: Let the arcs c 1: c 2 , . . . , c n denote 
the connected components of dP \ dS. Then, for 1 < i < n, the disk = (q x [0, 1])/ ~ 
belongs to dN. Thus part of dN is given by the disjoint union of -D/s. The rest of dN is 
the surface P x {1} U — P x {0} (modulo the relation (x, 0) ~ (x, 1) for every x G A). 




Figure 2. A partial open book decomposition: M as the union of N and iJ 

Let M = N U H where we glue these manifolds by identifying P x {0} C dN with 
Px{0} C dH andPx{l} c 9iV with /i(P) x {-1} c Since the gluing identification 
is orientation reversing M is a compact oriented 3-manifold with oriented boundary 

dM = (S \ P) x {0} U -(S \ h(P)) x {-1} U (dP \ dS) x [0, 1] 

(modulo the identifications given above). 

Definition 1.3. If a compact 3-manifold M with boundary is obtained from (S, P, h) as 
discussed above, then we call the triple (S, P, h) a partial open book decomposition of M. 
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We define the suture T on dM as the set of closed curves (see Remark [L4t obtained by 
gluing the arcs q x {1/2} C dN, for 1 < i < n, with the arcs in (dS \ dP) x {0} C dH, 
hence as an oriented simple closed curve and modulo identifications 

T = (dS \ dP) x {0} U -{dP \ dS) x {1/2} . 

Remark 1.4. If a sutured manifold (M, Y) has only annular sutures, then it is convenient 
to refer to the set of core circles of these annuli as V. 

Definition 1.5. The sutured manifold (M, T) obtained from a partial open book decompo- 
sition (S,P,h) as described above is called the sutured manifold associated to (S,P,h). 

Definition 1.6 (JH). A sutured manifold (M, T) is balanced if M has no closed compo- 
nents, n (A(T)) — > iio(dM) is surjective, and x(R+(X)) = x(i?_(T)) on every component 
ofM. 

Remark 1.7. It follows that if(M, T) is balanced, then T = A(T) and every component of 
dM nontrivially intersects the suture T. 

Lemma 1.8. The sutured manifold (M, T) associated to a partial open book decomposition 
(S, P, h) is balanced. 

Proof. It is clear that M is connected since we assumed that S is connected. We observe 
that dM 7^ since P is a proper subset of S by our definition and thus M has no closed 
components. By our construction every component of dM contains a disk Di = (q x 
[0,1])/ ~ for some 1 < i < n. Hence every component of dM contains acj x {1/2} C T 
and therefore n (A(T)) — > ir (dM) is surjective. Now let -R+(T) be the open subsurface 
in dM obtained by gluing 

{{S \ dS) \P)x {0} C dH and U™ =i (q x [0, 1/2))/ ~ c dN 
and i?_ (r) be the open subsurface in dM obtained by gluing 

((S \ dS) \ h(P)) x {-1} c dH and U™ =1 (q x (1/2, 1])/ ~ cM 
under the gluing map that is used to construct M. Since h : P — >• S is an embedding we 
have x(P) = x(K p )) and il follows that x(^+(T)) = xOM r ))- " D 

The following result is inspired by Torisu's work lfT2l in the closed case. 

Proposition 1.9. Let (M, Y) be the balanced sutured manifold associated to a partial open 
book decomposition (S, P, h). Then there exists a contact structure £ on M satisfying the 
following conditions: 

(1) £ is tight when restricted to H and N, 

(2) dH is a convex surface in (M, £) whose dividing set is dS x {0}, 

(3) dN is a convex surface in (M, £) whose dividing set is dP x {1/2}. 
Moreover such £ is unique up to isotopy. 
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Proof. We will prove that there is a unique tight contact structure (up to isotopy) on each 
piece H and N with the given boundary conditions. Then one can conclude that there is 
a unique contact structure (up to isotopy) on M satisfying the above conditions, since the 
dividing sets on dH and dN agree on the subsurface along which we glue H and N. 

The existence of a unique tight contact structure on the handlebody H with the assumed 
boundary conditions was already shown by Torisu lfl2l . We include here a proof (see also 
page 97 in ifTOl ) which is different from Torisu's original proof. 

In order to prove the uniqueness we take a set {di, d 2 , ■ ■ ■ , d p } of properly embedded 
pairwise disjoint arcs in S whose complement is a single disk. (It follows that the set 
{di, d 2 , . . . , dp} represents a basis of Hx(S, dS).) For 1 < k < p, let 5 k denote the closed 
curve on dH which is obtained by gluing the arc d k on S x {0} with the arc d k on S x { — 1}. 
Then we observe that {5i, 8 2 , ■ ■ ■ , S p } is a set of homologically linearly independent closed 
curves on dH so that 5 k bounds a compressing disk D k = (d k x [0, — 1])/ ~ in H. It is clear 
that when we cut H along D k 's (and smooth the corners) we get a 3-ball B 3 . Moreover 5 k 
intersects the dividing set twice by our construction. Now we put each 5 k into Legendrian 
position (by the Legendrian realization principle [7]) and make the compressing disk D k 
convex [0. The dividing set on D k will be an arc connecting two points on dD k = S k . 
Then we cut along these disks and round the edges (see Q) to get a connected dividing set 
on the remaining B 3 . Consequently, a theorem of Eliashberg [1 J implies the uniqueness of 
a tight contact structure on H with the assumed boundary conditions. 

The existence of such a tight contact structure on H essentially follows from the explicit 
construction of Thurston and Winkelnkemper lfl"3l . We just embed H into an open book 
decomposition (in the usual sense) with page S and trivial monodromy whose compatible 
contact structure is Stein fillable by [5] (and hence tight by [0). To be more precise, we 
embed H into 

Y = (Sx [-2,0])/- 

where (x, 0) ~ (x, -2) for x G S and (x, t) ~ (x, t') for x G dS and t, t' G [-2, 0]. Let f ' 
be the tight structure on Y which is compatible with the above open book decomposition. 
Then dH = S x {0} U — S x { — 1} which is obtained by gluing two pages along the binding 
can be made convex with respect to £' so that the dividing set on OH is exactly the binding 
(see [3l for example). 

By a similar argument we will prove the existence of a unique tight contact structure on 
N (each of whose components is a handlebody) with the assumed boundary conditions. By 
the definition of a partial open book decomposition (S, P,h),Pisa proper subsurface of 
S such that S is obtained from S \ P by successively attaching 1-handles Pi, P 2 , . . . , P r . 
Then it is easy to see that there are properly embedded pairwise disjoint arcs ai, a 2 , . . . , a r 
in P with endpoints on A so that S \ Uj<ij deformation retracts onto S \ P: just take a 
suitable cocore ctj of each 1-handle Pj in P (see Figure [3] for an example). It follows that 
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P \ Ujdj is a disjoint union of some disks. (In fact {a x , a 2 , ■ ■ ■ , a r } represents a basis of 
H\{P,A).) 




S\P 



Figure 3. A basis of Hi(P, A): cocores a 1; a 2 , . . . , a 6 of the 1 -handles in P 



For 1 < j < r, let ctj denote the closed curve on dN which is obtained by gluing the arc 
a,j on P x {0} with the arc aj on P x {1}. Then we observe that a, is a closed curve on dN 
which bounds the compressing disk D° = (<%,■ x [0, 1])/ ~ in N. Thus we conclude that 
we can find pairwise disjoint compressing disks in iV each of whose boundary intersects 
the dividing set twice in such a way that when we cut along these disks we get a disjoint 
union of B 3, s with connected dividing sets after rounding the edges. The uniqueness of 
a tight contact structure on N with the assumed boundary conditions again follows from 
Eliashberg's theorem [Q]|. 

To prove the existence of such a tight contact structure on N we first observe that dP x 
{1/2} is the union of A x {0} and the arcs Cj x {1/2}, for 1 < i < n. Note that we can 
trivially embed N into H. Then we claim that the restriction to N of the above tight contact 
structure on H will have a convex boundary with the required dividing set. In order to prove 
our claim we observe that the dividing set on P x {1} U — P x {0} = dN R dH is the set 
A x {0} = dNH (dS x {0}). The rest of dN consists of the disks A = (q x [0,1])/ ~. 
Each one of these disks can be made convex so that the dividing set is a single arc since 
its boundary intersects the dividing set twice. It follows that the dividing set on dN is as 
required after rounding the edges. □ 

Proposition 11.91 leads to the following definition of compatibility of a contact structure 
and a partial open book decomposition. 

Definition 1.10. Let (M, Y) be the balanced sutured manifold associated to a partial open 
book decomposition (S, P, h). A contact structure £ on (M, Y) is said to be compatible 
with (S, P, h) if it satisfies conditions (1), (2) and (3) stated in Proposition U .91 

Definition 1.11. Two partial open book decompositions (S, P, h) and (S, P, h) are isomor- 
phic if there is a diffeomorphism f : S — > S such that f(P) = P and h — f o h o (f^ 1 ) \p. 
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Remark 1.12. It follows from Proposition U. 91 that every partial open book decomposition 
has a unique compatible contact structure, up to isotopy, on the balanced suture mani- 
fold associated to it, such that the dividing set of the convex boundary is isotopic to the 
suture. Moreover if (S, P, h) and (S, P, h) are isomorphic partial open book decomposi- 
tions, then the associated compatible contact 3-manifolds (M, T, £) and (M, V, £) are also 
isomorphic. 

The definition of a positive stabilization of a partial open book decomposition in page 9 
of BH can be interpreted as follows. 

Definition 1.13. Let (S, P, h) be a partial open book decomposition. A partial open book 
decomposition (S 1 , P', h!) is called a positive stabilization of(S, P, h) if there is a properly 
embedded arc s in S such that 

• S' is obtained by attaching a 1 -handle to S along ds, 

• P' is defined as the union of P and the attached 1-handle, 

• hi — R a o h, where the extension of h to S' by identity is also denoted by h and R a 
denotes the right-handed Dehn twist along the closed curve a which is the union of 
s and the core of the attached 1-handle. 

The effect of positively stabilizing a partial open book decomposition on the associ- 
ated sutured manifold and the compatible contact structure is taking a connected sum with 
(S 3 , £ st d) away from the boundary. 

We now digress to review basic definitions and properties of Heegaard diagrams of 
sutured manifolds (cf. flU). A sutured Heegaard diagram is given by (E,a,/3), where 
the Heegaard surface E is a compact oriented surface with nonempty boundary and a= 
{ai, a 2 , ■ ■ ■ , a m } and (3= (3 2 , ■ ■ ■ , Pn} are two sets of pairwise disjoint simple closed 
curves in E \ <9E. Every sutured Heegaard diagram (E,Q£,/3), uniquely defines a sutured 
manifold (M, T) as follows: Let M be the 3-manifold obtained from E x [0, 1] by attach- 
ing 3-dimensional 2-handles along the curves ctj x {0} and (3j x {1} for % = 1, . . . , m 
and j = 1, . . . , n. The suture T on dM is defined by the set of curves <9E x {1/2} (see 
Remark [L4]). 

In @, Juhasz proved that if (M, T) is defined by (E,a,/3), then (M, T) is balanced if 
and only if |a| = |/3|, the surface E has no closed components and both a. and j3 consist 
of curves linearly independent in i/i(E, Q). Hence a sutured Heegaard diagram (E,o;,/3) 
is called balanced if it satisfies the conditions listed above. We will abbreviate balanced 
sutured Heegaard diagram as balanced diagram from now on. 

A partial open book decomposition of (M, T) gives a sutured Heegaard diagram (E,a,/3) 
of (M, -r) as follows: Let 



E = Px{0}U-5x {-1}/ ~cM 
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be the Heegaard surface. Observe that, modulo identifications, 



dE = (dP \ dS) x {0} U -(dS \ dP) x {-1} 



-r . 



As in the proof of Proposition ! 1.91 let a\, a 2 , . . . , a r be properly embedded pairwise disjoint 
arcs in P with endpoints on A such that S \ UjOj deformation retracts onto S \ P. Then 
define two families ol= {ol\, a 2 , • • • , ot r } and (3= /3 2 , . . . , f3 r } of simple closed curves 
in the Heegaard surface E by ctj = aj x {0} U aj x { — 1}/ ~ and j3j = bj x {0} U h(bj) x 
{ — 1}/ ~, where bj is an arc isotopic to aj by a small isotopy such that 

• the endpoints of aj are isotoped along OS, in the direction given by the boundary 
orientation of S, 

• aj and bj intersect transversely in one point Xj in the interior of S, 

• if we orient aj, and bj is given the induced orientation from the isotopy, then the 
sign of the intersection of aj and bj at Xj is +1. 

(E,ck,/3) is a sutured Heegaard diagram of (M, — T). Here the suture is — T since <9E is 
isotopic to — r. 

Lemma 1.14. The balanced sutured manifold associated to a partial open book decompo- 
sition and the compatible contact structure are invariant under positive stabilization. 

Proof. Let (S, P, h) be a partial open book decomposition of (M, T), s be a properly em- 
bedded arc in S, and (S', P', h!) be the corresponding positive stabilization of (S, P, h). 
Consider the sutured Heegaard diagram (E,Q!,/3) of (M, —T) given by (S, P, h) using prop- 
erly embedded disjoint arcs ai, a 2 , . . . , a r in P. 

Let a be the cocore of the 1 -handle attached to S during stabilization. The endpoints of 
a are on A' = dP'DdS' and S'\Uj =0 aj deformation retracts onto S'\P' = S\P. Using the 
properly embedded disjoint arcs do, ai, a 2 , . . . , a r in P' we get a sutured Heegaard diagram 
(E',a',/3') of (M', -r), where (M', T') is the sutured manifold associated to (S', P', h'). 
Observe that a' = {a }U a, (3' = {/3 }U (3, and 



Since h' is a right-handed Dehn twist along a composed with the extension of h which 
is identity on P' \ P, «o intersects (3q at one point and is disjoint from every other (3j. 
Therefore (E',a',/3') is a stabilization of the Heegaard diagram (E,ck,/3), and consequently 
(M', V) = (M, T). The contact structure compatible with (S', P', h!) is contactomorphic 
to ^ since £' is obtained from ^ by taking a connected sum with (S 3 , £ at d) away from the 
boundary. □ 



E' = P' x {0} U -5' x {-1}/. 



T 2 #E . 



2. Relative Giroux correspondence 



The following theorem is the key to obtaining a description of a partial open book de- 
composition of (M, r, £) in the sense of Honda, Kazez and Matic. 
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Theorem 2.1 ([O, Theorem 1.1). Let (M, T) be a balanced sutured manifold and let £ be 
a contact structure on M with convex boundary whose dividing set Tq M on dM is isotopic 
to T. Then there exist a Legendrian graph K C M whose endpoints lie on V C dM and a 
regular neighborhood N(K) C M of K which satisfy the following: 

(A) (i)T = dN(K) \ dM is a convex surface with Legendrian boundary. 

(ii) For each component ji ofdT, ji R Tqm has two connected components. 
(Hi) There is a system ofpairwise disjoint compressing disks for N(K) so 
that dD°- is a curve on T intersecting the dividing set IV ofT at two points and 
each component ofN(K) \ U,--D" is a standard contact 3-ball, after rounding 
the edges. 

(B) (i) Each component H of M \ N(K) is a handlebody (with convex boundary), 
(ii) There is a system ofpairwise disjoint compressing disks D 5 k for H so that 
each dD 5 k intersects the dividing set Tqh of OH at two points and H \ UkD s k is 
a standard contact 3-ball, after rounding the edges. 

A standard contact 3-ball is a tight contact 3-ball with a convex boundary whose dividing 
set is connected. 

Based on Theorem I2.1[ Honda, Kazez and Matic describe a partial open book decom- 
position on (M, T) in Section 2 of their article [|9]|. hi this paper, for the sake of simplicity 
and without loss of generality, we will assume that M is connected. As a consequence 
M \ N(K) in Theorem 12. H is also connected. 

We claim that their description gives a partial open book decomposition (S, P, h), the 
balanced sutured manifold associated to (S, P, h) is isotopic to (M, T), and £ is compatible 
with (5*, P, h) — all in the sense that we defined in this paper. In the rest of this section we 
prove these claims and Lemma [231 to obtain a proof of Theorem 10. 1[ 

The tubular portion T of —dN(K) in Theorem 12.1 [ A)(i) is split by its dividing set into 
positive and negative regions, with respect to the orientation of d(M \ N(K) ) . Let P be the 
positive region. Note that the negative region T \ P is diffeomorphic to P. Since (M, T) 
is assumed to be a (balanced) sutured manifold, dM is divided into -R+(T) and -R-(T) by 
the suture T. Let R + = R+(T) \ UjA, where A's are the components of dN(K) n dM 
and let £ be the surface which is obtained from R + by attaching the positive region P. If 
we denote the dividing set of T by A = dP D dS, then it is easy to see that 

N(K) ^(Px [0,1])/ ~ 

where (x, t) ~ (x, t') for x G A and t, t' G [0, 1], such that the dividing set of dN(K) is 
given by OP x {1/2}. 

In flU, Honda, Kazez and Matic observed that 



M \ N(K) ^(Sx [-1,0])/ ~ 
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where (x, t) ~ (x, t') for x G dS and t, t' e [-1, 0], such that the dividing set of M \ N(K) 
is given by dS x {0}. 

Moreover the embedding h : P — > S which is obtained by first pushing P across N(K) 
to T \ P C d(M \ N(K)), and then following it with the identification of M \ N(K) with 
(S x [—1,0])/ ~ is called the monodromy map in the Honda- Kazez-Matic description of 
a partial open book decomposition. 

In conclusion, we see that the triple (S, P, h) satisfies the conditions in Definition ll.lt 

(1) The compact oriented surface S is connected since we assumed that M is connected 
and it is clear that dS ^ 0. 

(2) The surface P is a proper subsurface of S such that S is obtained from S \ P by 
successively attaching 1-handles by construction. 

(3) The monodromy map h : P — > S is an embedding such that h fixes A = dP R dS 
pointwise. 

Next we observe that N(K) (resp. M \ N(K)) corresponds to iV (resp. H) in our 
construction of the balanced sutured manifold associated to a partial open book decom- 
position proceeding Definition 11.11 The monodromy map h amounts to describing how 
N = N(K) and H = M \ N(K) are glued together along the appropriate subsurface of 
their boundaries. This proves that the balanced sutured manifold associated to (S, P, h) is 
diffeomorphic to (M, Y). 

Lemma 2.2. The contact structure £ in Theorem \2.1\ is compatible with the partial open 
book decomposition (S, P, h) described above. 

Proof. We have to show that the contact structure £ in Theorem l2. II satisfies the conditions 
(1), (2) and (3) stated in Theorem 1 1.91 with respect to the partial open book decomposition 
(S, P, h) described above. We already observed that N = N(K) and H = M\N(K). 
Then 

(1) The restrictions of the contact structure £ onto N(K) and M \ N(K) are tight by 
conditions (A)(iii) and (B)(ii) of Theorem 12. 11 respectively. This is because in either case 
one obtains a standard contact 3-ball or a disjoint union of standard contact 3-balls by 
cutting the manifold along a collection of compressing disks each of whose boundary geo- 
metrically intersects the dividing set exactly twice. 

(2) dH = d(M \ N(K)) = (dM \ U A) U T is convex by the convexity of DM and the 
convexity of T (condition (A)(i) in Theorem 12. II) . Its dividing set is the union of those of 
dM \ UiA and T, hence it is isotopic to (dS \ dP) x {0} U A x {0} = OS x {0}. 

(3) dN = dN(K) = Uj A U T is convex by the convexity of D l C dM and the 
convexity of T. Its dividing set is the union of those of A's and T, hence it is isotopic to 
(dP \ dS) x {1/2} U A x {0} = dP x {1/2}. □ 



The following lemma is the only remaining ingredient in the proof of Theorem 10. 11 
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Lemma 2.3. Let (S, P, h) be a partial open book decomposition, (M, Y) be the balanced 
sutured manifold associated to it, and £ be a compatible contact structure. Then (S, P, h) 
is given by the Honda-Kazez-Matic description. 

Proof. Consider the graph K in P that is obtained by gluing the core of each 1 -handle in 
P (see Figure 0] for example). 




S\P 



Figure 4. Legendrian graph K in P 

It is clear that P retracts onto K. We will denote K x {1/2} C P x {1/2} also by 
K. We can first make P x {1/2} convex and then Legendrian realize K with respect to 
the compatible contact structure £ on N C M. This is because each component of the 
complement of K in P contains a boundary component (see Remark 4.30 in j3]|). Hence 
K is a Legendrian graph in (M, £) with endpoints in <9P x {1/2} \ dS x {0} dc <9M 
such that N = P x [0, 1]/ ~ is a neighborhood N(K) of if in M. Then all the conditions 
except (A)(i) in Theorem 12. II on N(K) = N and M \ N(K) = H are satisfied because 
of the way we constructed £ in Proposition 1 1 .91 Since ON is convex T is also convex. 
It remains to check that the boundary of the tubular portion T of iV is Legendrian. Note 
that each component of this boundary dDi = d(ci x [0, 1]) C ON is identified with jt = 
Ci x {0} U h(ci) x { — 1} in the convex surface OH = S x {0} U — S x {—1}. Since each ^ 
intersects the dividing set Yqh = S x {0} of dH transversely at two points <9q x {0}, the set 
{71, 72, • • • , 7n} is non-isolating in dH and hence we can use the Legendrian Realization 
Principle to make each 7* Legendrian. □ 

Proof of Theorem \0J\ By Proposition ! 1.9| each partial open book decomposition is compat- 
ible with a unique compact contact 3-manifold with convex boundary up to contact isotopy. 
This gives a map from the set of all partial open book decompositions to the set of all com- 
pact contact 3-manifolds with convex boundary and by Remark 11.121 this map descends 
to a map from the set of isomorphism classes of all partial open book decompositions to 
the set of isomorphism classes of all compact contact 3-manifolds with convex boundary. 
Moreover by Lemma [T.14| this gives a well-defined map \P from the isomorphism classes of 
all partial open book decompositions modulo positive stabilization to that of isomorphism 
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classes of compact contact 3-manifolds with convex boundary. On the other hand, Honda- 
Kazez-Matic description gives a well-defined map $ in the reverse direction by Theorems 
1.1 and 1.2 in J9]|. Furthermore, ^ o $ is identity by Lemma [231 and $ o is identity by 
Lemma [231 □ 
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